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We describe the general structure of the spherically symmetric solutions in the Weyl conformal
gravity. The corresponding Bach equations are derived for the special type of metrics, which can
be considered as the representative of the general class. The complete set of the pure vacuum
solutions, consisting of two classes, is found. The first one contains the solutions with constant two-
dimensional curvature scalar, and the representatives are the famous Robertson–Walker metrics. We
called one of them the “gravitational bubbles”, which is compact and with zero Weyl tensor. These
“gravitational bubbles” are the pure vacuum curved space-times (without any material sources,
including the cosmological constant), which are absolutely impossible in General Relativity. This
phenomenon makes it easier to create the universe from “nothing”. The second class consists of
the solutions with varying curvature scalar. We found its representative as the one-parameter
family, which can be conformally covered by the thee-parameter Mannheim–Kazanas solution. We
describe the general structure of the energy-momentum tensor in the spherical conformal gravity
and construct the vectorial equation that reveals clearly some features of non-vacuum solutions.
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I. INTRODUCTION
The conformal gravity was invented by H. Weyl in 1918 [1]. His motivation was to combine the gravitational and
electromagnetic fields into one unified theory. Then such a theory was rejected by A. Einstein and H. Weyl because it
was recognized that the conformal invariance allows only for massless particles to exist. But, nowadays, this obstacle
can be overcome by means of the Higgs mechanism for generating particle masses [2]. The conformal gravity came
again into play in 1989 due to the paper by P. D. Mannheim and D. Kazanas [3], who obtained the static spherically
symmetric vacuum solution, depending on three arbitrary constants and generalizing the Schwarzschild solution in
General relativity (see also [4, 5]). What was really new is the appearance of the term linear in radius, what forced
to remember the Mach’s principle.
We decided to study the conformal gravity attentively after becoming aware (quite accidentally) that all the ho-
mogeneous and isotropic space-times (i.e., described by the Robertson-Walker line element) have zero Weyl tensor.
This means that they are solutions to the vacuum conformal gravity field equations. Such an empty high symmetric
space-time is a good candidate for the creation of the universe “from nothing” (the very possibility of which was
first proposed by A. Vilenkin [6]). The idea that the initial state of the universe should be conformal invariant, is
advocated also by R. Penrose [7, 8], and G.‘t Hooft [2]. But, this empty universe should be filled with the particles
(necessarily massless prior to the spontaneous breaking of the conformal symmetry). How? - Due to the quantum
fluctuations that will cause the local deviation of the Weyl tensor from zero. This, in turn, will cause the creation
of massless particles (as wa shown first by Ya. B. Zel’dovich, I. D. Novikov and A. A. Starobinsky [9]) which, moving
with the speed of light, will deviate the Weyl tensor form zero in much more large region, and so on, and so forth.
For how long this could last, and what could be the result? As was shown by Ya. B. Zel’dovich [10] (See also [11, 12]),
the process of particle creation can make the universe isotropic. The isotropization and homogenization will lead to
decreasing of both the creation rate and the square of the Weyl tensor. But, in conformal gravity such solution are
the vacuum ones! This controversy can be removed by taking in account not only the energy-momentum tensor of the
already created particles, but also the quantum corrections coming from the vacuum polarization and trace anomaly
[11, 13–15]. In one-loop approximation the corresponding counter-terms can be incorporated into the action integral
as the curvature scalar (manifesting the renormalization/emergence of Newton’s constant), the cosmological constant
and the term, quadratic in Ricci tensor. This was foreseen by A.D.Sakharov in 1967 [16]. Thus, while the Weyl tensor
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2is gradually vanishing, the counter-term, linear in scalar curvature is becoming dominant. This is how the General
relativity may come onto play. Note, that for this to happen, the scalar curvature must be non-zero. It means that
the (effective) energy-momentum tensor is not already traceless, and we arrive at the situation with spontaneously
broken conformal symmetry. Therefore, in such a scenario, the very process of particle creation plays the central role.
First, we found the general vacuum spherically symmetric solution with varying two-dimensional conformally trans-
formed scalar curvature. This appears to be the one-parameter family (up to the overall conformal factor equal to
the square of the radius). For the specific choice of the dependence of the radius on this scalar curvature it reduces to
the famous Mannheim–Kazanas metrics [3]. Moreover, we showed that the Schwarzschild-(anti)de Sitter of General
Relativity is also the member of out family. The latter indicates that the vacuum solution in the conformal gravity
exhibits the effective cosmological constant.
Finally, we found two different types of the pure vacuum solutions, completely source-free. One of them has zero
Weyl tensor, and it is conformally related to the homogeneous and isotropic cosmological models (but empty!). That
one which is compact (with positive spatial curvature) we called “the gravitational bubble”, it is quite suitable for the
“creation from nothing”. Another one, with non-zero Weyl tensor, is the best candidate for the vacuum fluctuations,
the seeds for all the subsequent evolution.
II. GENERALS
The action integral of the conformal gravity should be invariant under the conformal transformation of the metric
tensor gαβ = e
2ω g˜αβ (for the inverse metric tensor g
αβ = e−2ω g˜αβ, e2ω is called the conformal factor). It is well
known that the so called Weyl tensor (a.k.a. the conformal tensor) Cαβγδ is conformally invariant (C
α
βγδ = C˜
α
βγδ ).
In addition, in four-dimensional space-time its square, C2 = CαβγδC
αβγδ, when multiplied by the square root of the
metric determinant,
√−g, is also conformally invariant. Thus, for in our four-dimensional space-time the only choice
for the gravitational action integral is
Sgrav = −α0
∫
C2
√−gd4x. (1)
The Weyl tensor Cαβγδ is defined as the totally traceless part of the Riemann curvature tensor Rαβγδ obeying the
same algebraic symmetries:
Cαβγδ = Rαβγδ − 1
n− 2(Rαγgβδ −Rαδgβγ
−Rβγgαδ +Rβδgαγ) + R
(n− 1)(n− 2)(gαγgβδ − gαδgβγ) (2)
The total action is the sum of the gravitational and matter action integrals,
S = Sgrav + Smatter = −α0
∫
C2
√−gd4x+
∫
Lm2
√−gd4x, (3)
and the matter energy-momentum tensor is defined, as usual, as
Tαβ =
2√−g
∂
√−gLm
∂gαβ
. (4)
The conformal invariance imposes some restrictions on the structure of Tαβ. First (and this is the commonly men-
tioned fact) the energy-momentum tensor should be traceless. Indeed, since the gravitational action is conformally
invariant, so must be the matter counterpart. Consider the following conformal variations of the metric tensor;
δgαβ = 2e
2ω g˜αβδω = 2gαβδω (δg
αβ = −2gαβδω), then,
0 = δSmatter = δ
∫
Lm2
√−gd4x ≡ 1
2
∫
Tαβ
√−gδgαβd4x
= −
∫
Tαβg
αβ√−gδωd4x⇒ Tr (Tαβ) = 0. (5)
Second, let us compare two energy-momentum tensor for two metrics related by the conformal transformation, and
consider another type of the metric variation that does not affect the conformal structure, namely, δgαβ = e−2ωδf˜αβ .
3We gave
δSmatter = δ
∫
Lm2
√−gd4x ≡ 1
2
∫
Tαβ
√−gδgαβd4x1
2
∫
T˜µν
√
−g˜δg˜µνd4x
⇒ √−gTαβδgαβ =
√
−g˜T˜αβδg˜αβ. (6)
Therefore,
Tαβ = e
−2ωT˜αβ, T
α
β = g
αγTβγ = e
−4ωg˜αγ T˜βγ = e
−4ωT˜αβ . (7)
We see, that the conformally related metrics describe space-times with different (conformally related) contents.
In what follows, we will be interested in the spherically symmetric conformal gravity. The general spherically
symmetric metrics can always (at least, locally) be written in the form
ds2 = γikdx
idxk − r2(x)(dθ2 + sin2 θdϕ2). (8)
Here θ and φ are familiar spherical angels, so, dΩ2 = dθ2 + sin2 θdϕ2 is the line element of the unit sphere, r(x) is its
radius (in that sense that the area of the sphere equals 4pir2), xi are the remaining two coordinates, the Latin indices
i, k = 0, 1 (or u, v in the case of the double-null coordinates). It is useful to make the so called (2 + 2)-decomposition
for all the quantities that enter the equations. In our case of the conformal gravity it is convenient also to choose
deliberately the conformal factor, this will simplify considerably all the subsequent calculations.
Let us write the line element as follows
ds2 = γikdx
idxk − r2(x)(dθ2 + sin2 θdϕ2)
= r2(x)[γ˜ikdx
idxk − (dθ2 + sin2 θdϕ2)] = r2(x)[ds˜22 − dΩ2], (9)
where ds˜22 = γ˜ikdx
idxk. We denote the transformed entities by “tilde” (as was already done before), and the metrics
ds˜22 we will call “truncated” as well as all the corresponding quantities. Thus, the square of the radius was chosen as
the conformal factor. Some of the details of this (2 + 2)-decomposition were presented in the paper[18]. Here we will
need only the final result for the square of the Weyl tensor,
C˜2 ≡ C˜αβγδC˜αβγδ = 1
3
(R˜− 2)2, (10)
where R˜ id the scalar curvature of the two-dimensional space-time described by the metrics γ˜ik.
III. SPHERICALLY SYMMETRIC BACH EQUATION
The conformal gravity field equations obtained by varying the total action integral, are called the Bach equations.
Here we will derive them already for the spherical case, by varying the truncated metrics γ˜ik only. Let us start with
the gravitational one;
Sgrav = −α0
∫
C2
√−gd4x = −α0
∫
C˜2
√
−γ˜ sin θd2xdθdφ
= −4piα0
∫
C˜2
√
−γ˜d2x = −4pi
3
α0
∫ (
R˜− 2
)2√
−γ˜d2x, (11)
where we made use of the conformal invariance of the product C2
√−g = C˜2√−g˜ = C˜2√−γ˜ sin θ and integrated over
angle variables. Consider now the matter part of the action;
Smatter =
∫
Lm2
√−gd4x = 4pi
∫
r4Lm2
√
−γ˜d2x. (12)
The two-dimensional part of the original energy-momentum tensor equals
Tik =
2√−g
∂
√−gLm
∂γik
=
2pi∂(r4Lm
√−γ˜)
r4
√−γ˜∂( 1r2 γ˜ik)
=
8pir2∂(Lm
√−γ˜)√−γ˜∂(γ˜ik) (13)
since r2 (the conformal factor) does not take part in the varying γ˜ik. By definition (already used earlier), the
transformed (“tilded”) energy-momentum tensor is
T˜ik ≡ 8pi√−γ˜
∂(r4Lm
√−γ˜)
∂γ˜ik
=
8pir4√−γ˜
∂Lm
√−γ˜
∂γ˜ik
(14)
4thus,
Tik =
1
r2
T˜ik, T
i
k =
1
r4
T˜ ik. (15)
Let us start the procedure of the variation of the gravitational action integral.
δSgrav = −4pi
3
α0
∫ (
2(R˜− 2)δR˜
√
−γ˜ + (R˜− 2)2δ
√
−γ˜
)
d2x
= −8piα0
3
∫ (
R˜2 − 4
4
γ˜ikδγ˜
ik + (R˜ − 2)γ˜ikδR˜ik
)√
−γ˜d2x. (16)
Here we took into account that in two-dimensional space-time R˜ik = R˜γ˜ik/2. To calculate δR˜
ik we will made use of
the wonderful identities from the book by B. S. De Witt [19]:
δRαβγδ =
(
δΓαβδ
)
;γ
− (δΓαβγ);δ , (17)
δΓγαβ =
1
2
gγσ
[
(δgσα);β + (δgσβ);α − (δgαβ);σ
]
. (18)
The semicolon denotes the covariant derivative with respect to the metric tensor gαβ (note, that δΓ
α
βγ is a tensor, and
(δgσα);β 6= 0). In our case this gives
δR˜ik =
(
δΓ˜lik
)
|l
−
(
δΓ˜lil
)
|k
, (19)
where the vertical line denotes the covariant derivative with respect to the two-dimensional truncated metrics γ˜ik.
Substituting all this into the variation of the action, integrating (several times) by parts and omitting total derivatives,
we get, after lengthy calculations,
δSgrav = −8piα0
3
∫ (
R˜2 − 4
4
γ˜ik + R˜
|p
|pγ˜ik − R˜|ik
)
δγ˜ik
√
−γ˜d2x, (20)
δSmatter =
1
2
∫
T˜ikδγ˜
ik
√
−γ˜d2x. (21)
Thus, we arrive at the following Bach equations
B˜ik =
1
32piα0
T˜ik, (22)
where B˜ik is the truncated two-dimensional Bach tensor,
B˜ik =
1
6
[
R˜
|p
|pγ˜ik − R˜|ik +
R˜2 − 4
4
γ˜ik
]
. (23)
The result, of course, coincides with that obtained in [18] by traditional methods.
The important note: due to the tracelessness of the energy-momentum tensor (and, thus, of the Bach tensor as
well), we do not need the separate equations for B22 = B
3
3 , since (unlike in General Relativity) the they are the
algebraic (not differential) consequences of the three two-dimensional equations written above.
In the end of this subsection we would like to present our field equations in yet another, vectorial, form, that may
appear very useful in some applications. Let us introduce the invariant ∆˜,
∆˜ = γ˜ikR˜,iR˜,k (24)
which is nothing more but the (Lorentzian) square of the normal to the curves R˜ = const. When ∆˜ < 0, these curves
are time-like, and the truncated curvature R˜ can be used as a spatial coordinate. For ∆˜ > 0, the curves are space-like,
5and R˜ can be used as a time-coordinate. Below we will show only the final result, the details of derivation can be
found in [18], (
∆˜ +
1
6
(R˜3 − 12R˜)
)
,i
=
3
8piα0
(
T˜ R˜,i − T˜ ki R˜,k
)
, (25)
where T˜ = γlpT˜lp, and comma denotes the partial derivative. There are here only two equations of the three original
ones. The remaining equation can be recovered by the use of the integrability condition together with the continuity
equation for the energy-momentum tensor. Note, that if one of the coordinates id R˜, then
∆˜ = γ˜R˜R˜ = −A, A = 1
6
(R˜3 − 12R˜)− 3
8piα0
∫
T˜ ηη dR˜ (26)
(η is the second coordinate).
A. Vacuum solutions
The vacuum solutions in the conformal gravity an be derived in two classes. One of them consists of the space-times
with constant truncated curvature R˜ = ±2. We will consider them a little bit later. Now let R˜ 6= const. Then, from
our vectorial equation, it follows immediately that
∆˜ = −1
6
(R˜3 − 12R˜+ C0), (27)
where C0 is the integration constant. To proceed further we need to choose some definite coordinate system, let it be
R˜ and the null coordinate z (the line z = const should be null). This can be called the Finkelstein-like coordinates.
In this case the general form of the two-dimensional metrics is
ds22 = A˜dz˜
2 + 2B˜dz˜dR˜. (28)
Therefore, the structure of the metric tensor γ˜ik and the inverse, γ˜
ik, is the following
γik =
(
A˜ B˜
B˜ 0
)
, γik =
(
0 B˜−1
B˜−1 −A˜B˜−2
)
. (29)
and
∆˜ = γ˜R˜R˜ = − A˜
B˜2
= −1
6
(R˜3 − 12R˜+ C0). (30)
Consider now the (ik) = (R˜R˜) component of the vacuum Bach equations (it is the simplest one because grr = 0).
It reads 0 = −R|R˜R˜ = Γ˜R˜R˜R˜, where Γ˜R˜R˜R˜ is the Christoffel symbol. It is easy to see that Γ˜R˜R˜R˜ = γ˜zR˜,R˜ = B˜,R˜. Thus
the above equation tell us that B˜ = B˜(z˜), and it can be absorbed by the appropriate redefinition of null coordinate,
z˜ → z(z˜). So, the truncated metrics becomes
ds22 = Adz
2 + 2dzdR˜, A =
1
6
(R˜3 − 12R˜+ C0). (31)
If we would choose the second coordinate η orthogonal to to R˜, then the diagonal form of the truncated metrics looks
as follows
ds˜22 = Adη
2 − dR˜
2
A
. (32)
The correspondence between these two forms of metrics is provided by the coordinate transformation
z = η −
∫
dR˜
A
. (33)
The metrics (32) resembles the famous vacuum spherically symmetric solutions in General Relativity (their two-
dimensional parts), the truncated curvature R˜ playing the role of the radius r, and our solution is also static. At
6the same time, it must be remembered that the general form of the four-dimensional vacuum spherically symmetric
space-time is, actually,
ds˜24 = Φ
2ds˜22 + (dθ
2 + sin2 θdϕ2) . (34)
The radius r = Φ is an arbitrary function of two variables.
There is the famous spherically symmetric static solution of the vacuum Bach equations, found by P. D. Mannheim
and D. Kazanas [3]. We can easily recover such a solution with a special choice r = Φ(η, R˜). First of all, for statics
we must require r = Φ(R˜), then transform our metrics to the coordinates (η, r) and demand it should be of the form
ds22 = r
2ds˜22 = Fdη
2 − dr
2
F
. (35)
This is possible because of the still arbitrariness of r = Φ(R˜). Then,
R˜ = −C1
r
+ C2, F (r) =
C2
2
− C1
6r
+
(4−C22 )
2C1
r +
C2(C
2
2−12)−C0
6C21
r2. (36)
Note the appearance of the two new constants.
B. “Gravitational bubbles”
Here we present the solutions with constant curvature, which we have called “Gravitational bubbles”. Let us
introduce the double null coordinates:
ds22 = γikdx
idxk = 2e2ωdudv = 2Hdudv. (37)
The metric with a constant curvature R˜ in the double null coordinates (u, v):
R˜ =
2
H3
(−HH,uv +H,uH,v) = const, H = e2ω, (38)
therefore
ω,uv = − R˜
4
e2ω. (39)
This is the known Liouville equation in the differential geometry.
The two-dimensional metrics with constant curvature can be written in the form:
ds22 =
2
k2
dFdG(
F − R˜4k2G
)2 = 8|R˜| du˜dv˜(u˜ ± v˜)2 , (40)
where
F =
∫
ef(u)du = u˜, G =
∫
eg(v)dv =
∣∣∣∣∣ 2k√R˜
∣∣∣∣∣ v˜. (41)
The metric function H depends on u˜ − v˜ at R˜ > 0 and u˜ + v˜ at R˜ < 0. In the case R˜ > 0 we have z = u − v,
wuv = −wzz. The Liouville equation takes the form
ω,zz =
R˜
4
e2ω (42)
with the solution
z = ±
∫
dy√
R˜ey + c
= ∓2
∫
dα√
R˜+ cα2
, α = e−y/2. (43)
We see that, up to the overall conformal factor, the solutions with R˜ = const can be cast in the Robertson-Walker
form. If R˜ = +2, the corresponding universes are empty and with zero Weyl tensor. This solution we called ”the
gravitational bubble”.
7IV. CONCLUSION AND DISCUSSIONS
We considered the general structure of the spherically symmetric solutions in the Weyl conformal gravity. The Bach
equation were derived and investigated for the special type of metrics, which can be considered as the representative
of the rather general class. The complete set of the pure vacuum solutions is found, consisting of two distinctive
classes. The first class of solutions contains the solutions with a constant two-dimensional curvature scalar, and the
representatives are the famous Robertson–Walker metrics. One of them we have called the “gravitational bubbles”,
which is compact and has zero Weyl tensor. In result, we obtained the solution for the pure vacuum curved space-times
(without any material sources) what is impossible in General Relativity.
This phenomenon makes is easier to create the universe from “nothing”. There are two different spherically
symmetric vacua (up to the conformal transformation). This is the manifestation of the spontaneous symmetry
breaking, because the vacuum with R˜ = 2 is isotropic, while that one with R˜ = −2 is not. This symmetry breaking
is not what one wants and needs (emergent General Relativity, the possibility to have the matter energy-momentum
tensor with nonzero trace and so on), but still this provides us with some hopes for a further exploration.
The second class of solutions is with a varying curvature scalar. We found its representative as the one-parameter
family, which can be conformally covered by the thee-parameter Mannheim–Kazanas solution. The vectorial equation
is constructed that reveals the same features of non-vacuum solutions.
Some feature of the vacuum solution with varying two-dimensional truncated scalar curvature R˜ outside the material
source may explain the observed accelerated expansion of the universe. Indeed, let us assume that R˜ is an increasing
function of the radius (as in General Relativity) and put the observer at the center. By adding the matter layer we
will reduce more and more the constant C0 in the solution, and this corresponds to the greater and greater values of
the effective cosmological constant outside the layers. Eventually one comes to that the attraction of the test matter
will be replaced by the repulsion. This is the pure kinematic effect, depending on the position of the observer and the
amount of matter between the observer and the observation point. Meantime, it does not mean that the universe as
a whole is expanding with some acceleration.
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